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Abstract

We consider long gravity-flexural waves on a surface of a perfect liquid of a finite depth under elastic ice-plate. Suc
of small but finite amplitude are governed by the generalized Kadomtsev–Petviashvili (KP) equation, which contain
spatial derivatives. The generalized KP equation admits waveguide solutions, describing waves periodic in the dir
propagation and localized in the transverse direction. Waveguide represents a wave being the nonlinear product of ins
carrier monochromatic wave with respect to transverse perturbations. Instability of waveguides in its nonlinear stage i
For this purpose we use the alternative description via the Davey–Stewartson (DS) equations for slowly varying am
of monochromatic waves. The DS equations are asymptotically equivalent to the initial generalized KP equation. B
of perturbations is determined by values of wavenumber of the carrier wave. We find, in particular, that for some r
wavenumbers of the carrier wave the waveguide is subjected to the local collapse which differs from collapse of wave
the fluid of infinite depth.
 2003 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

Haragus-Courcelle and Il’ichev [1] derived the equation for long waves on the surface of water layer of finite dept
presence of additional surface effects:

∂x
(
∂t η+ η∂xη+ ∂3

xη+ ∂5
xη

) + ∂2
yyη= 0. (1.1)

Here (t, x, y) are the non-dimensional time and Cartesian coordinates andη = η(t, x, y) is the non-dimensional surfac
deviation. The surface effects in question are given either by gravity-capillary forces, or by forces and bending mom
thin elastic plate, floating on the water surface. Under certain circumstances such a plate can model an ice cover (see

In the case of gravity-capillary waves the Bond numberBo = T/(ρgH2), whereg is gravity,T is the coefficient of surface
tension,ρ is the water density,H is the water depth, have to be close to the critical valueBo∗ = 1/3 from below (in case
whenBo> Bo∗ minus sign at the forthx-derivative in (1.1) must stay). The proximity of the Bond number toBo∗ implies the
smallness of the characteristic spatial scales: for the water the depth has the order of several millimetres [3]. For such
must take viscous effects into consideration and consequently, the non-dissipative model has in fact a lack of physical
Therefore, for the description of gravity-capillary waves Eq. (1.1) and its one-dimensional analogue – the Kawahara e
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have only formal character. Experimental verification of the Kawahara equation in the conditions of low gravity, where viscous
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In the case of gravity-flexural waves the characteristic scales are much greater and influence of viscous effect

neglected. The coefficient at the third power of wave number in the long wave expansion of the frequency is finite
coefficient at the fifth power can take sufficiently large values, because of the large value of Young’s moduleE ∼ 109 N · m−2.
The condition that the terms with the third and fifth powers of wave number in the dispersion relation are of the sam
reads

E

12ρ(1− σ2)
∼ gλ2H2

h3
,

whereλ is the characteristic wave length,σ is Poisson’s ratio andh is the thickness of the elastic plate. For example, ifh∼ 1 m,
H ∼ 10 m, one hasλ∼ 100 m and the characteristic wave amplitude about 1 m (see [1]). Therefore, there are no the
reasons visible to deny Eq. (1.1) as a possible model one for the description of long surface water waves under hom
elastic ice-cover, and we focus here our attention exactly on this application of (1.1).

Il’ichev [4] showed that Eq. (1.1) possesses waveguide type solutions (hereafter called waveguides), which in cas
stability realize propagation of energy without dispersive diffusion. In this sense these waves represent nonlinear s
which are analogous to plane solitary waves (solitons). The waveguides are the products of the transverse mo
instability (self-channelling) of carrier periodic waves.

By evident reasons there questions arise about the stability of waveguides and in case of their instability about wha
further if they are unstable. The answers are that the waveguides are always unstable, and that for some range of wa
of the carrier monochromatic wave the waveguide is subjected to a local collapse (which differs from the collapse of wa
in the fluid of infinite depth) and for the other range of wavenumbers it decays due to other mechanizms. We give h
answers using the alternative to (1.1) Davey–Stewartson (DS) equations which are asymptotically equivalent to (1.1
derive from (1.1) the DS equations, describing slowly varying amplitudes of modulated wave packets, and furter per
stability analysis for perturbations, obeying these equations. In this setting, the waveguide solution of (1.1) correspo
soliton solution of the DS equations. The problem is, thus, reduced to the question about instability of solitary wave,
instability result, as concerns Schrödinger-type equations in the whole and the DS equations in particular, is well-know

Zakharov and Rubenchik [5] (see also the survey by Kuznetsov et al., [6]) used the asymptotic method for investig
the linear transverse instability of solitons of the Schrödinger equation with respect to long wave perturbations. Their
implies the construction of the unstable eigenfunctions basing on the neutrally stable eigenfunctions which can be w
the explicit form. It was found that soliton is always unstable, i.e. there exists unstable eigenfunction which is even
elliptic Schrödinder equation an odd for hyperbolic one. Ablowitz and Segur [7] applied this method to the investigatio
transverse instability of solitons via the DS equations and also found that they are always unstable. Janssen and Ras
found the threshold value of the unstable wavenumbers in the case of the elliptic Schrödinger equation. The unstable c
of the dispersive curve for this case is given by Rypdal and Rasmussen [9], for example. Saffman and Yuen [10] num
found the threshold of instability in the case of hyperbolic Schrödinger equation and also plotted the unstable co
of the dispersive curve. A comprehensive review of the transverse instability of solitary waves was given by Kivs
Pelinovskii [11]. Bridges [12] considered the problem of transverse instability of solitary waves for water-wave problem
both the model equation point of view and the water wave-equations.

In the present paper as a terminology, we call the instability of waveguides the secondary one, because the w
themselves are the products of the transverse instability of the carrier wave. The paper organized as follows. In Sec
waveguide solutions of Eq. (1.1) are presented, parametrized by the wave numberk of the carrier periodic wave, the derivatio
of the DS equation from (1.1) for slowly varying amplitudes of carrier wave is shortly given, and also the main argum
the analysis of the transverse instability of the carrier wave are presented. In Section 3 we formulate the results of
analysis of the stability of waveguides which is restricted to longitudinal long-wave perturbations. We give the analys
related to our notations, in Appendix A in detail. Section 4 is devoted to description of the results of the numerical stim
of the nonlinear stage of waveguide instability with respect to arbitrary perturbations. In Section 5 we give our conclus
discussions.

In the paper by Haragus-Courcelle and Il’ichev [1] the authors missed in the formula (2.8) the term with the third de
during derivation of Eq. (1.1) for long gravity-flexural waves. We find it expedient to correct this inexactitude here and
the derivation in Appendix B.
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In this section we present the waveguide solution of (1.1) and derive from (1.1) the Davey–Stewartson equations f
varying in space and time amplitudes of wavepackets. The results of the carrier wave instability on its nonlinear stag
to the formation of waveguides are also presented.

We consider solutions to (1.1) of the travelling wave type, propagating with a speedV in thex-axis direction. These solution
η= η(x − V t, y) obey the equation

∂yyη− V ∂ςςη+ ∂ς (η∂ςη)+ ∂4
ς η+ ∂6

ς η= 0, (2.1)

whereς = x−V t . We assume further thatV = V1 +µ, whereV1 = −k2 + k4, andk > 1/
√

5 is the real parameter, having th
meaning of the wave number [4], andµ is a small parameter. Eq. (2.1) has the waveguide solution [4], at the lowest ordeµ
given by

η= a∗0 cosk(x − V t), a∗0 = a∗0(y)= ±2k

√
2µ

χ
sech

(
k
√|µ|y), (2.2)

where

χ = 1

6(1 − 5k2)
< 0.

The form of a waveguide is given in Fig. 1. The wave (2.2) is a subcritical one: its speedV is less than the bifurcatio
valueV1, i.e.,µ< 0.

Let us look for the asymptotic solution of (1.1) in the form

η= εA(T ,X,Y )exp(iθ)+ ε2A2(T ,X,Y )exp(2iθ)+ c.c.+ ε2A0(T ,X,Y )+ O
(
ε3)
,

θ = k(x − V t), V = V1 − ε2, T = εt, X = εx, Y = εy, (2.3)

whereε is a small parameter,A andA2 are slowly varying complex amplitudes, andA0 is the real function describing the mea
flow. Substituting (2.3) in (1.1) and collecting terms atεm exp(inθ), {m,n} = {1,1}, {2,1}, {3,1}, {2,2}, {4,0}, we get after
some algebra the DS equations [4]:

iAτ − kA+ ω′′(k)
2

AXX − χ

k
A|A|2 − kAA0 + 1

k
AYY = 0,

(2.4)−ω′(k)A0XX + |A|2XX +A0YY = 0,

whereω(k) = −k3 + k5, τ = εT , the subscriptsτ, X andY denote differentiation with respect to corresponding variab
prime denotes differentiation with respect tok, and we keep the old notationX for the combinationX − ω′(k)T . Our further
analysis of stability concerns Eqs. (2.4).

Eqs. (2.4) have the particular solutionA= Ψ (Y ), A0 = 0, whereΨ (Y ) is a real function obeying the equation

d2

dY2
Ψ (Y )= k2Ψ (Y )+ χΨ 3(Y ). (2.5)

The localized solution of Eq. (2.5) is given by

Ψ (Y )= ±
√

− 2

χ
k sechkY. (2.6)

Fig. 1. The form of the waveguide for the surface wave of elevation. Arrow shows the direction of propagation.
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We recall thatk > 1/
√

5. Comparing (2.2) with (2.3) and (2.6) one gets the correspondence

le.

, similar

itudinal
Ψ (Y )= a∗0
2ε
, ε2 = −µ.

Next we substitute the new variablesa = |A|, ψ = argA into Eqs. (2.4) to get

aτ + ω′′
2
(2aXψX + aψXX)+ 1

k
(2aY ψY + aψYY )= 0,

−aψτ − ka + ω′′
2

(
aXX − aψ2

X

) − χ

k
a3 − kA0a + 1

k

(
aYY − aψ2

Y

) = 0, (2.7)

−ω′A0XX + (
a2)

XX
+A0YY = 0.

The solution of (2.7), corresponding to the carrier wave is given by

a = a0 = const, ψ =ψ0 =
(

−k− (
a0)2χ

k

)
τ, A0 = 0.

Substituting

a = a0 + δa, ψ =ψ0 + δψ, A0 = δA0

into (2.7) and assuming

δa = α1 exp i(κ‖X+ κ⊥Y −Ωτ), δψ = α2 exp i(κ‖X+ κ⊥Y −Ωτ),
δA0 = α3 exp i(κ‖X+ κ⊥Y −Ωτ),

where,αi, i = 1,2,3, are constants, one gets the dispersion equation

Ω2 = 1

4

(
ω′′κ2‖ + 2

κ2⊥
k

)2
+ (
a0)2

(
kκ2‖

ω′κ2‖ − κ2⊥
+ χ

k

)(
ω′′κ2‖ + 2

κ2⊥
k

)
. (2.8)

Consider next the homogeneous transverse perturbations, whenκ‖ = 0. The dispersion equation (2.8) then takes the form

Ω2 = κ4⊥
k2

+ 2
(a0)2

k2
χκ2⊥. (2.9)

The wavenumbersκ⊥, satisfying (2.9) and lying inside the interval(0, κ0), whereκ2
0 = −2(a0)2χ , correspond to growing with

time perturbations. The valueκ0 gives the threshold of instability, i.e., for allκ⊥ � κ0, the carrier periodic wave remains stab
From (2.9) one gets the maximal growth rate:Ω(κmax)= −i(a0)2χ/k, κ2

max= −(a0)2χ, κmax< κ0.
On the nonlinear stage of instability, the carrier wave is subjected to self-channeling, disintegrating to waveguides

to (2.2) ([4], see also [13]).

3. Secondary instability of the waveguide

In this section we formulate the results of the linear analysis of the stability of waveguides with respect to long
long-wave perturbations.

We make the substitutionB = √|χ |A in the first equation (2.4). Then the soliton solution (2.6) transforms into

Φ(Y)= ±√
2k sech(kY ).

Let us putB = Φ(Y) + u + iv, A0 = w, whereu, v, w are small perturbations (real functions), depending onτ, X, Y .
Neglecting nonlinear terms in (2.4), one gets(

ω′′(k)k
2

∂2
X + ∂2

Y + 3Φ2(Y )− k2
)
u− k2Φ(Y)w = k∂τ v,(

ω′′(k)k
2

∂2
X + ∂2

Y +Φ2(Y )− k2
)
v = −k∂τ u, (3.1)

[−ω′(k)∂2
X + ∂2

Y

]
w+ 2

|χ |Φ(Y)∂
2
Xu= 0.
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We consider here the long-wave longitudinal perturbations, i.e., the functions in (3.1) are looked for in the form( )
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{u,v,w} = {u∗, v∗,w∗}exp
ελτ

k
exp(iεlX)+ c.c., ε� 1, (3.2)

whereu∗, v∗, w∗ are real functions depending only onY . Substituting (3.2) in (3.1), we get

L+u∗ = ε2su∗ + k2Φ(Y)w∗ + ελv∗,
L−v∗ = ε2sv∗ − ελu∗,

(3.3)
Sw∗ = ε2δΦ(Y )u∗,

L+ = d2

dY2
+ 3Φ2(Y )− k2, L− = d2

dY2
+Φ2(Y )− k2, S = d2

dY2
+ ε2ω′(k)l2,

where

δ = 2l2

|χ | , s = ω′′(k)kl2
2

. (3.4)

The first two equations in (3.3) determine the spectral problem under the constraint, given by the third equation. In
takes place if there exists a vector eigenfunction{u∗, v∗,w∗}T, called unstable, obeying (3.3) for someλ > 0. The components
u∗ andv∗ of this eigenfunction must tend to zero at infinity. The componentw∗ must also tend to zero for|y| → ∞ when the
operatorS is an elliptic one, and have the periodic asymptotic at infinity whenS is the hyperbolic operator. The constructi
of the unstable eigenfunction is achieved by expandingu∗, v∗, w∗ andλ in power series inε (see (A.1)) and further recurren
calculation of the expansion terms. The detailed construction of the unstable eigenfunction is given in Appendix A.

We get for the growth rateλ0, being the first term in the expansion inε of λ:

λ2
0 = 4

3

(
δk4 − sk2)

, λ2
0 = 4sk2, (3.5)

or

λ2
0 = 4

3
l2k4

(
1

3|1 − 5k2| − 10k2 + 3

)
, λ2

0 = l2k4(−3+ 10k2)
.

Eqs. (3.5) correspond to even and odd perturbations of wave fieldB, respectively. Their behaviour, as determined by Eqs. (3
depends on the sign of the coefficients which, in its turn, depends on the location of the wave numberk of the carrier wave on
the real axis.

First, let us consider the caseω′(k) < 0. Fors > 0 (ω′′(k) > 0), k ∈ I1, where

I1 =
{
k ∈ R,

√
3

10
< k <

√
3

5

}
.

It is seen from (3.5) that the perturbations with the even neutral eigenfunctionv0 �= 0 (see Appendix A) grow with time and th
instability of waveguide with respect to the even perturbations takes place. It follows from (3.4), (3.5) that fork ∈ I ′1 ⊂ I1,

I ′1 =
{
k ∈ R,

√
3

10
< k <

√
225+ 15

√
33

30
≈ 0.588

}
.

the right-hand side of the first equation in (3.5) is positive also ats > 0. Consequently, the perturbations with the odd neu
eigenfunctionu0 �= 0 also grow and, hence, inside the subintervalI ′1 the waveguide is unstable with respect to both type
perturbations (unlike the case of the Schrödinger equation, where instability takes place only with respect to even pert
everywhere insideI1). The DS equations fork ∈ I1 have the elliptic–elliptic type, i.e., the spatial differential operators atA and
A0 in (2.4) are both elliptic.

Forω′′(k) < 0, i.e., atk ∈ I2, where

I2 =
{
k ∈ R,

√
1

5
< k <

√
3

10

}
,

only odd perturbation (corresponding tou0 �= 0) grows. In this case the type of the system (2.4) is a hyperbolic-elliptic
i.e., the corresponding operator in the first equation in (2.4) has the hyperbolic type and in the second equation it has t
one.
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The eigenfunctionw∗ has the periodic asymptotic at infinity, and the waveguide is unstable with respect to both types of
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I3 =
{
k ∈ R, k >

√
3

5

}
,

when the type of the system of Eqs. (2.4) is the elliptic-hyperbolic one. The hyperbolic–hyperbolic type of (2.4) is imp
because it is impossible to satisfy the both inequalitiesω′′(k) < 0 andω′(k) > 0 simultaneously.

4. Nonlinear stage of secondary instability

In this section we present the results of the numerical analysis of the nonlinear stage of waveguide instability with
to arbitrary perturbations.

The DS equations were solved for elliptic–elliptic, hyperbolic–elliptic and elliptic–hyperbolic cases. The initial data
these calculations were taken in the form of the perturbed waveguide by local small-amplitude disturbance. Both sy
and asymmetric in theY -direction disturbances were examined. Waveguides are subjected to instability in all cases.

Fig. 2 shows the form of the developed instability for the elliptic–elliptic case of the DS equations (k ∈ I1). In this case
the instability results in the local collapse of the waveguide, accompanying the collapse of the mean flow. For the
comparison we present in Fig. 3 the picture of the development of the instability for the fluid of the infinite depth as g
by the elliptic Schrödinger equation.

For the hyperbolic–elliptic case the waveguide is subjected to slow “snake” instability which is similar to that one, go
by the hyperbolic Schrödinger equation [10]. The mean flow, generated by perturbations of the waveguide disintegr
time into smaller structures (Fig. 4).

For the case of the elliptic–hyperbolic DS equation the solution for the mean flow is non-local as shown in Fig. 5
case waves move with large enough speed and we see some idealization of real physical process similar to effects in
gas dynamics or shallow water.

The explicit three-layer cross type scheme was used for the approximation of wave amplitude equation:

Fig. 2. Collapse of the waveguide amplitude and of the mean flow fork ∈ I1.
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ulation
Fig. 3. Collapse of the waveguide amplitude for the fluid of infinite depth.

Fig. 4. Snake instability of the waveguide and disintegration of the mean flow fork ∈ I2.

i
An+1
i,j −An−1

i,j

27τ
− kAni,j + ω′′(k)

2

An
i+1,j +An

i−1,j − 2An
i,j

7x2
− χ

k
Ani,j

∣∣Ani,j ∣∣2 − kAni,jAn0i,j

+ 1

k

An
i,j+1 +An

i,j−1 − 2Ani,j
7y2

= 0.

The condition of stability7t < cmin(7x2,7y2) (usually used for nonstationary Schrödinger equation) puts the constra
the temporal step in the scheme. The value ofc is obtained from numerical experiment.

If amplitude for the time stepn is known then the mean flow for this step can be calculated independently. For the calc
of flows the following scheme was applied:

−ω′(k)
A0i+1,j +A0i−1,j − 2A0i,j

7x2
+ |A2|i+1,j + |A2|i−1,j − 2|A2|i,j

7x2
+ A0i,j+1 +A0i,j−1 − 2A0i,j

7y2
= 0.
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Fig. 5. Development of instability fork ∈ I3.

Equations are solved for some rectangle(X,Y ) ∈ {0,Xmax} × {Ymin, Ymax}. For the case of the hyperbolic mean flo
we have two boundary conditions at the boundaryX = 0 and one condition at the boundariesY = Ymin andY = Ymax. All
conditions are posed to be compatible with the waveguide solution. Boundaries are placed far away from the spatia
under investigation to exclude interference with reflected waves. We note, that by the choice of boundaryX = 0 for posing
conditions (rather than the boundaryX = Xmax) we assume that all the waves involved into the process propagate
direction opposite to that one of theX-axis.

We can solve corresponding system of difference equations explicitly. Values fori + 1 spatial step are obtained from valu
of i − 1 andi steps. We use the scheme stability condition7y/7x > C, whereC is the characteristic speed. To calcula
flows in the case of hyperbolic mean flow, the explicit d’Alembert formula was applied as the alternative way of calc
The effective numerical algorithm of calculation of corresponding integrals is equivalent to the method of characteris
requires condition7y/7x = C.

For the calculation of elliptic flows we pose one boundary condition on all boundaries of the region. This leads to the
of implicit difference equations for the mean flow. The solution of this system was interpreted as stationary solution
thermal conductivity equation. Iteration process based on the absolutely stable three-layer numerical scheme was u
this solution.

5. Conclusion and discussion

The monochromatic carrier wave on the surface of the perfect fluid of finite depth under the elastic ice-plate is unsta
respect to transverse perturbations. This instability results in formation of waveguides. The waveguide is itself unstabl
character of its instability depends on the wavenumberk of the carrier wave.
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one in the fluid of infinite depth. In the latter case the waveguide first disintegrates in longitudinal direction to localize
clots which are then collapse (Fig. 3).

In the case of the finite depth fluid, treated here, only the central part of the waveguide collapses along with th
flow (Fig. 2). The process of collapse in this case can be thought as the nonlinear resonance between the wave
the mean flow: perturbations of the central part of the waveguide are excited by the mean flow, while the instabilit
waveguide periphery is damped. For elliptic–elliptic DS equation, which is asymptotically equivalent to the governing E
and according to this reason is assumed here to support the development of corresponding instabilities, the localize
known to collapse at a finite time [14,15].

It follows from the dipersion relation (2.8) that also longitudinal self-focusing of the carrier wave takes place fork ∈ I1. This
instability is governed by the “embedded” in (1.1) Kawahara equation for plane waves

∂tη+ η∂xη+ ∂3
xη+ ∂5

xη= 0.

Self-focusing leads to the decay of the carrier wave into the sequence of the envelope solitary waves fork ∈ I1 ∪
(
√

3/5,1/
√

5) [16]. This decay takes place under action of longitudinal perturbations (κ⊥ = 0 in (2.8)) forκ‖ ∈ (0, κ1), where

κ2
1 = − (a0)2(25k2 − 3)

3k2(10k2 − 3)(5k2 − 3)(5k2 − 1)
.

In this context, the carrier wave withk ∈ I1, coming from the free surface under the ice cover is subjected to at leas
competing instability mechanizms, which both lead to collapse, and in this range of wave numbers the waveguide s
may not appear at all if longitudinal self-focusing predominates.

In the casek ∈ I2 = (√1/5,
√

3/10) the waveguide instability qualitatively the same as for the fluid of infinite depth [
The mean flow is disintegrated to the smaller structures (Fig. 4). The longitudinal instability of the carrier wave is abse
case, and the waveguide structures may be expected, when the carrier wave propagates under the ice cover.

Fork ∈ I3 = (√3/5,∞), the DS equation has elliptic–hyperbolic type and, therefore, the local perturbation of the wav
generates the non-localized perturbations of the mean flow, which grow rapidly. The rate of growth of these perturb
large enough to leave behind the corresponding rate of decay of the waveguide. As a consequence, the results of the
calculations, presented in Fig. 5 do not show exactly the character of the development of instability of waveguide, thou
be seen that the waveguide is disintegrated to the localized structures. The localized solutions of the elliptic–hyperbol
known to be subjected to collapse [17].

For this range of wavenumbers of the carrier wave the localized perturbation of the waveguide originates the mea
the whole space. The physical meaning of such wave solutions is not clear.
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Appendix A. Construction of unstable eigenfunctions

Following Zakharov and Rubenchik [5], Ablowitz and Segur [7] we look for solutions of (3.3) in the form of the fo
asymptotic series expansion:

u∗ = u0 + εu1 + ε2u2 + · · · , v∗ = v0 + εv1 + ε2v2 + · · · ,
(A.1)w∗ = ε2w0 + · · · , λ= λ0 + ε2λ1 + · · · .

Substituting (A.1) into (3.3), one gets in the zeroth order inε

L+u0 = 0, L−v0 = 0,

which implies that nonzero solution has the form

u0 = Φ̇(Y ), v0 =Φ(Y). (A.2)

In the first order inε one has

L+u1 = λ0v0, L−v1 = −λ0u0.
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This system of equations has a solution

f

,

s

,

sly
hird

in

tic
ntour
ole
u1 = λ0
dΦ

dα
, v1 = −λ0

2
YΦ(Y ), α = k2. (A.3)

Finally, in the second order inε we get:

L+u2 = λ0v1 + su0 + αΦ(Y )w0, L−v2 = −λ0u1 + sv0, Sw0 = δΦ(Y )(u0 + εu1). (A.4)

The solvability condition for the first two equations in (A.4) yields the orthogonality of right-hand sides tou0 andv0 from
(A.2), respectively. Let us note, that formally in the third equation (A.4) one should writeS0 = d2/dY2 instead ofS, and also
omit the term, proportional toε in the right-hand side of this equation. Yet, firstly, theC-norm of the difference of solutions o
Sf1 = g andS0f2 = g, whereg is decaying function, is not a value of orderε2 and it does not depend onε at all. Secondly,
as it will follow from the further analysis, the amplitude off1 for g finite and even have the orderε−1, therefore the terms
proportional toε, have to be also remained in the third equation in (A.4).

For computations of other terms in the expansion (A.1) one needs to compute the valueλn from the compatibility conditions
for the equations forun, vn. These conditions operate with functionsui , vi , wi, i � n−1, from previous steps. The function
un−1, vn−1 are determined from the previous steps uniquely due to the invertibility of the operatorsL± in L2(R). The same
is true forwn−1 and S in the case whenω′(k) < 0. If ω′(k) > 0 the right-hand sides of the equationsL+un−1 = fn−2,
L−vn−1 = gn−2 are still inL2(R), and thereforeun−1 andvn−1 also.

The solvability condition of the first two equations in (A.4) has the form

∞∫
−∞

u0
(
λ0v1 + su0 + αΦ(Y )w0

)
dY = 0,

∞∫
−∞

v0(−λ0u1 + sv0)dY = 0. (A.5)

The quantityλ0 is determined from these conditions. The eigenfunctionsu0, v0, u1, v1 are determined from (A.2), (A.3)
respectively. The functionw0 is obtained by getting inverse of the operatorS in (A.4).

Let us consider the procedure of construction ofw0 in the case whenω′(k) < 0. This procedure can be applied analogou
in the hyperbolic case (ω′(k) > 0), thoughw0 is not decaying any more in this case. We look for the solution of the t
equation of (A.4) in the formw0 =w0

0 + εw1
0 and consider the following two equations separately

Sw0
0 = δΦ(Y )u0, Sw1

0 = δΦ(Y )u1. (A.6)

Let us denoteF [f ] the Fourier transform off :

F [f ] = 1

2π

∞∫
−∞

f exp(−iνx)dx.

Applying the Fourier transformation to both sides of the first equation in (A.6) and changing the order of differentiationY in
the definite integral, one gets

F
[
w0

0
] = − iδ

2

ν2 cosechϑ

ν2 + ε2l2|ω′(k)| , ϑ =
(
πν

2
√
α

)
. (A.7)

To get (A.7) we use the formula

F
[
sech2(x)

] = ν

2
cosech

(
πν

2

)
.

Applying the inverse Fourier transformation to (A.7) we get

w0
0 = − iδ

2

∞∫
−∞

ν2 cosechϑ

ν2 − ε2l2ω′(k) exp(iνY )dν. (A.8)

The integrand in (A.8) has simple poles on the imaginary axis in the complexν-plane. The principal part of the assympto
of the integral (A.8) on the positive infinityY > 0 can be computed from the following arguments. Let us consider the co
in the complexν-plane, consisting from the real axis and contourC+, to be passed from right to left and lying above the p
ν+0 = iεl

√|ω′(k)| (Fig. 6). From the Liouville residue theorem one has

w0
0 +

∫
C+
F

[
w0

0
]
exp(iνY )dY = 2π i res

ν+
0
F

[
w0

0
]
exp(iν)Y. (A.9)
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9) we

l

count

o

Fig. 6. Form of the contourC+ in the complexν-plane.

Using the fact that the integral alongC+ tends to zero at plus infinity faster than the residue at the right-hand side of (A.
neglect it in getting the principal part of the asymptotic:

w0
0 → δ

√
α exp

(−εl√∣∣ω′(k)
∣∣Y )
, Y → +∞. (A.10)

The asymptotic at minus infinity can be computed analogously, using the contourC− which is symmetric toC+ about the rea
axis:

w0
0 → −δ√α exp

(−εl√∣∣ω′(k)
∣∣Y )

, Y → −∞. (A.11)

It can be easily seen that the functionw0
0 is an odd one.

The principal part of the asymptotic at infinity of the even functionw1
0 is computed analogously:

w1
0 = − πλ0δ

8α
√
α

∞∫
−∞

ν2 cosech2ϑ coshϑ

ν2 − ε2l2ω′(k) exp(iνY )dν.

This function obeys the second equation (A.6) and it has the form:

w1
0 → − 1

2ε

λ0δ√
αl

√|ω′(k)| exp
(−εl√∣∣ω′(k)

∣∣ |Y |), Y → ±∞. (A.12)

In can be seen from (A.12) that the amplitudew1
0 has the orderε−1 and as a consequence, it is necessary to take into ac

the term, proportional tou1 in the right-hand side of the third equation in (A.4). The functionw1
0, being an even one, has n

influence on the solvability condition (A.5); these conditions contain only the odd partw0
0 of the functionw0.

To compute the integrals in(A.5) in zeroth order inε it should be noted thatw0
0 tends to the solution of the equation

S0w
0
00 = δΦ(Y )u0 (A.13)

in distributional sense forε→ 0. In other words
∞∫

−∞

(
w0

0 −w0
00

)
ϕ→ 0, ε→ 0,

whereϕ is an arbitrary smooth rapidly decreasing function on the real axisR.
It follows then that at zeroth order inε the functionw0

00 may be written in (A.5) instead ofw0. The solution of Eq. (A.13)
is given by

w0
00 = √

αδ tanh(
√
αY). (A.14)

It can be easily seen, that (A.14) has the asymptotics (A.10), (A.11) asε→ 0.
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Substituting (A.14) into (A.5) one gets (3.5) (coming back fromα to k in notations).
∗ ity.

stic ice-

th respect

s,
.1)

tribution in

g small

s can

ethod for
In the case whenS is hyperbolic the eigenfunctionw is no more decaying but having the periodic asymptotics at infin
It is constructed analogously to the case treated above by use of the contourC = Γ1 ∪ Γ2 where the contourΓ1 lies above the
poles of the integrand in (A.8) on the real axis and the contourΓ2 lies below these poles. The contoursΓ1,2 contribute to the
asymptotics at minus and plus infinities, correspondingly.

Appendix B. Derivation of (1.1) for flexural-gravity waves

In this section we derive (1.1) for long surface flexural-gravity waves of small amplitude in the presence of an ela
plate. The ice-plate is assumed to obey the equations of the theory of thin plates [18].

The Euler system with corresponding additional surface pressure has the form (subscripts denote differentiation wi
to the corresponding variables)

ϕxx + ϕyy + ϕzz = 0, −H < z < η(x, y, t),
ϕz = 0, z= −H,
ηt + ηxϕx + ηyϕy = ϕz, z= η(x, y, t),
ϕt + 1

2

(
ϕ2
x + ϕ2

y + ϕ2
z

) + gη+Aηtt +B72
xyη= 0, z= η(x, y, t).

(B.1)

Here7xy = ∂2
xx + ∂2

yy , ϕ is the velocity potential,η is the liquids surface deviation from equilibriumz = 0, x denotes the

horizontal unbounded variable, andA= ρih/ρw, B =Eh3/[12ρw(1− ν2
0)], whereρi andρw are the ice and water densitie

h andH is the ice thickness and water depth,E is the Young module andν0 is the Poisson ratio of the ice. We suppress in (B
the nonlinear terms corresponding to the additional pressure caused by the elastic plate, because they give no con
the equation we derive.

In order to determine the relative importance of different terms in the equations above we introduce the followin
parameters

ε= a

H
, γ = B

gλ4
, δ = AH

λ2
, ε = H2

λ2
,

whereλ is the characteristic wavelength, anda is the characteristic wave amplitude. The following dimensionless variable
be defined:

t ′ = (gH)1/2t

λ
, ϕ′ = (gH)1/2ϕ

gaλ
, η′ = η

a
, x′ = x

λ
, y′ = y

λ
, z′ = z

H
.

Then (B.1) is rewritten as follows (omitting the primes):

ε(ϕxx + ϕyy)+ ϕzz = 0, −1< z < εη,

ϕz = 0, z= −1,

ηt + εηxϕx + εηyϕy = ε−1ϕz, z= εη,
ϕt + 1

2ε
(
ϕ2
x + ϕ2

y + ε−1ϕ2
z

) + η+ δηtt + γ72
xyη= 0, z= εη.

(B.2)

The velocity potential can be expanded with respect to the vertical coordinatez:

ϕ = ϕ0 + zϕ0
z + 1

2
z2ϕ0

zz + 1

6
z3ϕ0

zzz + 1

24
z4ϕ0

zzzz + 1

120
z5ϕ0

zzzzz + 1

720
z6ϕ0

zzzzzz + · · · . (B.3)

From the first equation in (B.2) we obtain

ϕ0
zz = −ε(ϕ0

xx + ϕ0
yy

)
, ϕ0

zzz = −ε[(ϕ0
z

)
xx

+ (
ϕ0
z

)
yy

]
,

ϕ0
zzzz = ε2(

ϕ0
xxxx + 2ϕ0

xxyy + ϕ0
yyyy

)
,

ϕ0
zzzzz = ε2[(ϕ0

z

)
xxxx

+ 2
(
ϕ0
z

)
xxyy

+ (
ϕ0
z

)
yyyy

]
,

ϕ0
zzzzzz = −ε3(

ϕ0
xxxxxx + 3ϕ0

xxxxyy + 3ϕ0
xxyyyy + ϕ0

yyyyyy

)
.

Using the second equation in (B.2) (boundary condition at the bottom), (B.3), and applying the expansion series m
smallε up to (but not including) terms of orderε4, we derive the expression forϕ0

z :

ϕ0
z = −ε7xyϕ0 − ε2

3
72
xyϕ

0 − 2

15
ε373

xyϕ
0. (B.4)
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Substituting (B.4) into the last two equations in (B.2) and neglecting terms of orderεε and higher, we deduce (dropping the
0

in the

Fluids 17

87–296.
3–206.
8 (1999)

0.
65.

26 (1982)

01.
–1451.
superscript ) the system

ηt + εηxϕx + εηyϕy + εη7xyϕ +7xyϕ + ε

3
72
xyϕ + 2

15
ε272

xyϕ = 0,

ϕt + ε

2
(ϕ2
x + ϕ2

y)+ η+ δηtt + γ72
xyη= 0.

(B.5)

Next, introduce the unknown functions in the form

η= η0 + η1ε + η2ε
2 + O

(
ε3)
,

ϕ = ϕ0 + ϕ1ε + ϕ2ε
2 + O

(
ε3)
.

(B.6)

Neglecting terms of order 3, we look for waves travelling in one direction (to the right), i.e., weakly depending on time
reference frame moving with the phase speed of the linear wave train having an infinite wavelength:

η= η̂(ξ, ζ, τ, ε), ϕ̂(ξ, ζ, τ, ε),

ξ = x − t, ζ = √
εy, τ = εmt, m> 0.

Letm= 1, δ = δ̂ε, γ = γ̂ ε, β = 0, ε = ε̂ε, where quantities with hat are of order 1, i.e.

E

12(1− ν2
0)ρw

∼ gλ2H2

h3
.

In a real media this corresponds to the following values of parameters:

h∼ 1 m, E ∼ 109 N · m−2, H ∼ 10 m, λ∼ 100 m, a ∼ 1 m.

Substituting (B.6) into (B.5), we obtain, up to terms of orderε2,

−η̂0ξ − εη̂1ξ + εη̂0τ + ε̂εη̂0ξ ϕ̂0ξ + ε̂εη̂0ϕ̂0ξξ + ϕ̂0ξξ + ε̂εϕ̂0ζζ + εϕ̂0ξξ + ε

3
ϕ̂0ξξξξ = 0,

−ϕ̂0ξ − εϕ̂1ξ + εϕ̂0τ + 1

2
ε̂εϕ̂2

0ξ + η̂0 + εη̂1 + δ̂εη̂0ξξ + γ̂ εη̂0ξξξξ = 0.

By equating the terms of order 1 andε we find

ϕ̂0ξ = η̂0, (B.7)

and the following equation for̂η0 (by using (B.7)):[
η̂0τ + 3

2
ε̂η̂0η̂0ξ + 1

2

(
δ̂ + 1

3

)
η̂0ξξξ + γ̂

2
η̂0ξξξξξ

]
ξ

+ ε̂

2
η̂0ζζ = 0. (B.8)

Eq. (B.8) can be put in the form (1.1) with the help of scaling transformations.

References

[1] M. Haragus-Courcelle, A. Il’ichev, Three dimensional solitary waves in the presence of additional surface effects, Eur. J. Mech. B
(1998) 739–768.

[2] A. Müller, R. Ettema, Dynamic response of an icebreaker hull to ice breaking, in: Proc. IAHR Ice Symp., Hamburg II, 1984, pp. 2
[3] J. Zufiria, Symmetry breaking in periodic and solitary gravity-capillary waves on water of finite depth, J. Fluid Mech. 184 (1987) 18
[4] A. Il’ichev, Self-chanelling of surface water waves in the presence of an additional surface pressure, Eur. J. Mech. B Fluids 1

501–510.
[5] V.E. Zakharov, A.M. Rubenchik, Instability of waveguides and solitons in nonlinear media, Soviet Phys. JETP 38 (1974) 494–50
[6] E.A. Kuznetsov, A.M. Rubenchik, V.E. Zakharov, Soliton stability in plasmas and hydrodynamics, Phys. Rep. 142 (1986) 103–1
[7] M.J. Ablowitz, H. Segur, On the evolution of packets of water waves, J. Fluid Mech. 92 (1979) 691–715.
[8] P.A.E.M. Janssen, J.J. Rasmussen, Nonlinear evolution of the transverse instability of plane-envelope solitons, Phys. Fluids

1279–1287.
[9] K. Rypdal, J.J. Rasmussen, Stability of solitary structures in the nonlinear Schrödinger equation, Phys. Scripta 40 (1989) 192–2

[10] P.G. Saffman, H.C. Yuen, Stability of a plane soliton to infinitesimal two-dimensional perturbations, Phys. Fluids 21 (1978) 1450
[11] Yu.S. Kivshar, D.E. Pelinovskii, Self focusing and transverse instabilities of solitary waves, Phys. Rep. 331 (2000) 117–195.
[12] T.J. Bridges, Transverse instability of solitary-wave states of the water problem, J. Fluid Mech. 439 (2001) 255–278.
[13] V.I. Karpman, Nonlinear Waves in Dispersive Media, Pergamon Press, 1975.



304 I. Bakholdin, A. Il’ichev / European Journal of Mechanics B/Fluids 22 (2003) 291–304

[14] G.C. Papanicolaou, C. Sulem, P.L. Sulem, X.P. Wang, The focusing singularity of the Davey–Stewartson equations for gravity-capillary
surface waves, Physica D 72 (1994) 61–86.

n, SIAM

e Vries
[15] G. Fibich, G. Papanicolaou, Self-focusing in the perturbed and unperturbed nonlinear Schrödinger equation in critical dimensio
J. Appl. Math. 60 (1999) 183–240.

[16] R. Grimshaw, B. Malomed, E. Benilov, Solitary waves with damped oscillatory tails: an analysis of the fifth-order Korteweg–d
equation, Physica D 77 (1994) 473–485.

[17] C. Sulem, P.-L. Sulem, The Nonlinear Schrödinger Equation: Self Focusing and Wave Collapse, Springer, New York, 1999.
[18] L.H. Donnell, Beams, Plates and Shells, McGraw-Hill, 1976.


